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Abstract. The idea of gauge theories of gravity predicts that there should exist not only the
massless graviton but also massive particles carrying the gravitational force. We study the
cosmology in a quadratic gravity with dynamical torsion where gravity may be interpreted as
a gauge force associated with the Poincare´ group. In addition to the massless spin-2 graviton,
the model contains four non-ghost massive particle species: a couple of spin-0, a spin-1 and a
spin-2. Supposing the restoration of the local Weyl invariance in the UV limit and the parity
invariance, we find the most general minisuperspace action describing a homogeneous and
isotropic universe with a flat spatial geometry. We then transform the minisuperspace action
to a quasi-Einstein frame in which the field space is a hyperboloid and the field potential
is a combination of those of a Starobinsky-like inflation and a natural inflation. Remark-
ably, thanks to the multi-field dynamics, the Starobinsky-like inflationary trajectory can be
realized even if the initial condition is away from the top of the Starobinsky-like potential.
We also study linear tensor perturbations and find qualitatively different features than the
Starobinsky inflation, spontaneous parity violation and mixing of the massless and massive
spin-2 modes, which might reveal the underlying nature of gravity through inflationary ob-
servables.
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1 Introduction
Nowadays inflation is almost a part of the standard cosmology. The postulated accelerating
expansion in the early epoch of the universe is not only providing a solution to some initial
value problems of the Big-Bang cosmology but also explaining the origin of the primordial
fluctuations. Since the fluctuations are observed precisely [1], the inflationary cosmology can
be used to test physics at the very high energy scale as high as O(H2infM
2
pl) = (10
16 GeV)4.
At the leading order, the physics during inflation would be determined by the physics of a
light particle causing the accelerating expansion, namely inflaton. From the viewpoint of the
current observations, Starobinsky inflation [2] is one of the best candidates of inflationary
cosmology. On the other hand, the cosmological collider physics named by [3] enables us to
search new heavy particles with masses comparable to the inflationary Hubble scale through
primordial non-Gaussianities.
Although gravity is believed to be mediated by a massless spin-2 particle, one may
guess that other massive particles may contribute to additional gravitational forces at short
distances just like massive weak bosons mediate the weak force. These massive particles are
naturally expected to appear when the gravitational force is interpreted as a gauge force
associated with the Poincare´ group or the general linear group. This idea has a long history
ever since the pioneering studies by Utiyama [4], Kibble [5] and Sciama [6]; for reviews,
see, e.g., [7–10]. A consequence of this idea is that the spin connection (or the connection) is
promoted to an object independent of the vielbein (or the metric). The underlying spacetime
geometry is no longer Riemannian and the resultant theories of gravity are referred to as
gauge theories of gravity or Palatini formalism of gravity depending on their context. The
particles responsible for the deviations from the Riemannian geometry, described by the
torsion and the non-metricity, must be massive since invariance under diffeomorphisms and
local Lorentz transformations (or local general linear transformations) does not guarantee
masslessness of them and thus does not protect them from acquiring non-zero masses. The
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additional gravitational forces are mediated by massive particles and thus cannot be seen in
large distances, similarly to the weak force.
Kinetic terms of the independent connection are governed by dimension four operators
such as quadratic curvature terms. There have been several attempts to clarify the particle
spectrum of the gauge theories of gravity. In the present paper, we focus on theories based on
the Riemann-Cartan geometry where the spacetime has the torsion as well as the curvature
while the non-metricity vanishes. This could be interpreted in such a way that gravity is
associated with the Poincare´ group or that the non-metricity is already integrated out by
supposing a sufficiently large mass hierarchy between the non-metricity and the torsion. In
the context of the gauge theories of gravity, the torsion and the curvature are identified
with the field strengths associated with the translation and the rotation, respectively. More
attention has been paid to the so called quadratic Poincare´ gauge theories (qPGTs) with the
parity invariance in which the Lagrangian is schematically given by LqPGT =
Γ
R + T 2 +
Γ
R2.
Here,
Γ
R is the curvature and T is the torsion with indices omitted (see, however, [11–14] for
recent studies on other types of Lagrangian). It turned out that at most three massive particle
species can be physical, i.e. no ghost and no tachyon, around the Minkowski background
although the generic qPGT has six massive particle species [15, 16]. Our previous paper [13],
however, showed that one more physical particle can appear when general dimension four
operators involving the derivatives of the torsion are added. We shall consider a dynamical
torsion theory having massive spin-2+, 1+, 0+, 0− particle species, where the number and ±
represent the spin and the parity of the particles, respectively. The massive particles with
2+, 0+ couple to matter via the energy-momentum tensor while the 1+, 0− particles couple
via the spin tensor.
It is thus interesting to search new massive particles carrying the gravitational interac-
tions since they must trace fundamental aspects of gravity. The masses are free parameters
of the theory due to the lack of complete understanding of quantum gravity and should be
constrained experimentally. In the present paper, we suppose that the masses are of order
of 1013 GeV in order that the dimension four operators of the theory are responsible for the
origin of the cosmic inflation. Inflation in the quadratic gravity with the torsion is closely
related to Starobinky’s inflationary model. Indeed, we will find that the prediction of the
Starobinsky model is recovered under a certain limit of the parameters where the massive
2+, 1+, 0− particles become infinitely heavy to be integrated out while the mass of the 0+ par-
ticle is kept finite. Nevertheless, the underlying nature of gravity is different in these models
and the difference may be traced by (non-)existence of other massive particle species1. As a
first step, the present paper is devoted to a study of the background dynamics of the universe
in a generic parameter space of the theory and briefly discuss the linear tensor perturbations.
Even so, we will find that the existence of additional particles, especially 2+ and 0−, can
yield qualitatively different features than the Starobinsky model.
The rest of the present paper is organized as follows. We first summarize the notation
and formulate the Lagrangian in Sec. 2. Sec. 3 is devoted to the case where the 2+, 1+, 0−
particles are infinitely heavy and integrated out. The relation between the Starobinsky model
and the generic quadratic gravity with the dynamical torsion is clarified. We then study the
background dynamics of the universe in the generic parameter space of the theory in Sec. 4.
We discuss tensor perturbations in Sec. 5 and finally make summary remarks in Sec. 6.
1Recently, studies on inflation in the Palatini formalism of gravity has gained increasing attention (see [17]
for a review). In this context, it is usually supposed that the torsion vanishes whereas the non-metricity does
not. Rather than this point, it would be worth emphasizing a difference from the present study: these studies
have focused on Lagrangians in which the non-metricity (and the torsion) is infinitely massive and assumed
that inflation is caused by another scalar field such as Higgs field. For instance, the Lagrangian (3.2) generally
has the massive spin-0 mode but its mass becomes infinite when αT2 = 1. One needs to put another field to
realize inflation in this case.
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2 Quadratic gravity with dynamical torsion
2.1 Notation
In the present paper, we study the cosmology in a parity invariant gravitational theory where
the torsion is supposed to be dynamical. The signature of the metric is (−,+,+,+). The
tetrad and the spin connection are commonly used to describe gravitational theories with a
dynamical torsion. We denote the most general form of the action as
L(eaµ, ωabµ) =
M2pl
2
L2 +
M2pl
M2∗
L4 +
∑
n>4
M2pl
Λn−2
Ln , (2.1)
where L2 and L4 are operators of scaling dimension two and four, respectively, and Ln
are terms involving higher dimensional operators. The tetrad and the spin connection are
supposed to be independent variables of which scaling dimensions are [eaµ] = 0 and [ω
ab
µ] = 1,
respectively. Greek indices µ, ν, · · · are used to denote spacetime indices whereas Latin indices
a, b, · · · are used to represent the Lorentz indices. We assume the zero cosmological constant
to admit the Minkowski vacuum. The dimension four operators are factorized by M2pl/M
2∗
for convenience. We throughout assume M∗/Mpl  1 which may be interpreted as a weak
coupling of the connection since the dimension four operators lead to kinetic terms of the
independent connection. For simplicity, we consider the metric compatible connection, i.e.
the spin connection has the antisymmetric Lorentz indices, where the resultant geometry is
called the Riemann-Cartan geometry. Due to the general covariance and the local Lorentz
invariance, the action should be built out of the geometrical quantities and their covariant
derivatives where the Riemann-Cartan curvature and the torsion tensor are defined by
Γ
Rabµν := 2∂[µω
ab
ν] + 2ω
a
c[µω
cb
ν] , (2.2)
T aµν := 2∂[µe
a
ν] + 2ω
a
b[µe
b
ν] . (2.3)
The covariant derivative is denoted by
Γ
∇µ in the Riemann-Cartan geometry. Since the scaling
dimension are [
Γ
Rabµν ] = 2 and [T
a
µν ] = 1, admitting the equivalence upon the integration
by parts, the scaling dimension four operator L4 may not contain the covariant derivatives
of the curvature, namely
L4 = L4(ηab, eaµ, T aµν ,
Γ
Rabµν ,
Γ
∇µT aνρ) . (2.4)
The generic form of the dimension four terms with the parity invariance was studied in
[13, 18].
On the other hand, we will use the coordinate basis expressions in which the local
Lorentz invariance becomes manifest. The metric gµν and the connection Γ
µ
νρ are related to
the tetrad and the spin connection via
gµν = ηabe
a
µe
b
ν , (2.5)
Γ
∇µeaν = ∂µeaν + ωabµebν − Γρνµeaρ = 0 . (2.6)
The Riemann-Cartan curvature and the torsion are given by
Γ
Rµναβ(Γ) = 2∂[αΓ
µ
ν|β] + Γ
µ
σ[αΓ
σ
ν|β] , (2.7)
Tµαβ = 2Γ
µ
[βα] , (2.8)
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in the coordinate basis. The Ricci tensor and the Ricci scalar are defined by
Γ
Rµν :=
Γ
Rαµαν ,
Γ
R := gµν
Γ
Rµν , (2.9)
and the Einstein tensor is
Γ
Gµν :=
Γ
Rµν − 1
2
gµν
Γ
R . (2.10)
Note that the metric and the connection are not independent variables due to the metric
compatibility condition
Γ
∇µgνρ = 0 . (2.11)
Instead, one can choose the metric and the torsion as independent variables. The metric-
compatible connection Γµαβ is then computed as
Γµαβ =
{
µ
αβ
}
− 1
2
(Tµαβ − Tβµα + Tαβµ) , (2.12)
where
{
µ
αβ
}
is the Levi-Civita connection. We use Rµναβ and ∇µ to refer the Riemann
curvature and the covariant derivatives in the Riemannian geometry, i.e. Rµναβ and ∇µ are
defined by the Levi-Civita connection.
For later convenience, we decompose the Riemann-Cartan curvature and the torsion into
irreducible pieces. As for the Riemann curvature Rµναβ , there are three irreducible pieces,
namely, the Weyl tensor, the traceless part of the Ricci tensor, and the Ricci scalar. On the
other hand, the Riemann-Cartan curvature are decomposed into six pieces (see e.g. [10, 12])
where three of them are the counterparts of the three irreducible pieces of Rµναβ while the
other three are obtained from the non-Riemannian part of the curvature
X µν := 1
2
Γ
Rµαβγ
αβγν . (2.13)
The irreducible pieces are given by
(2)
Rµνρσ :=
1
2
(gµαX Tνβ − gναX Tµβ)αβρσ , (2.14)
(3)
Rµνρσ :=
1
12
X µνρσ , (2.15)
(4)
Rµνρσ := gµ[ρ
Γ
RTν|σ] − gν[ρ
Γ
RTµ|σ] , (2.16)
(5)
Rµνρσ := gµ[ρ
?Xν|σ] − gν[ρ?Xµ|σ] , (2.17)
(6)
Rµνρσ :=
1
6
Γ
Rgµ[ρgν|σ] , (2.18)
(1)
Rµνρσ :=
Γ
Rµνρσ −
6∑
n=2
(n)
Rµνρσ , (2.19)
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where
X := X µµ = −1
2
µνρσ
Γ
Rµνρσ , (2.20)
X Tµν := X(µν) −
1
4
gµνX , (2.21)
?Xµν := 1
2
µναβX [αβ] =
Γ
R[µν] , (2.22)
Γ
RTµν :=
Γ
R(µν) −
1
4
gµν
Γ
R . (2.23)
The irreducible piece
(1)
Rµνρσ satisfies the same symmetric properties of the Weyl tensor,
(1)
Rµν(ρσ) =
(1)
R(µν)ρσ = 0 ,
(1)
Rµνρσ =
(1)
Rρσµν ,
(1)
Rµ[νρσ] = 0 ,
(1)
Rµνµρ = 0 . (2.24)
On the other hand, the torsion tensor is decomposed into three irreducible pieces,
(2)
T µνρ =
2
3
gµ[νTρ], (2.25)
(3)
T µνρ = µνρσT σ, (2.26)
(1)
T µνρ = Tµνρ −
(2)
T µνρ −
(3)
T µνρ , (2.27)
with
Tµ := T
ν
νµ , (2.28)
Tµ := 1
6
µνρσT
νρσ . (2.29)
The irreducible piece
(1)
T µνρ satisfies the following identities
(1)
T µ(νρ) = 0 ,
(1)
T [µνρ] = 0 ,
(1)
T µµν = 0 . (2.30)
For convenience, we also define the traceless part of the Riemann-Cartan curvature,
Γ
Cµνρσ :=
(1)
Rµνρσ +
(2)
Rµνρσ +
(3)
Rµνρσ
=
Γ
Rµνρσ −
(
gµ[ρ
Γ
Rν|σ] − gν[ρ
Γ
Rµ|σ]
)
+
1
3
gµ[ρgν|σ
Γ
R , (2.31)
and its square
Γ
C2 := −1
4
µνρσαβγδ
Γ
Cµναβ
Γ
Cρσγδ
=
Γ
Cµνρσ
Γ
Cρσµν =
(1)
Rµνρσ
(1)
Rµνρσ + 2X TµνX Tµν −
1
6
X 2 . (2.32)
Although the expression of
Γ
Cµνρσ is similar to the Weyl tensor in the Riemannian geometry,
Γ
Cµνρσ does not satisfy the symmetric properties of the Weyl tensor. The irreducible piece is
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not
Γ
Cµνρσ but
(1)
Rµνρσ. We also denote the Gauss-Bonnet term as
Γ
R2GB := −
1
4
µνρσαβγδ
Γ
Rµναβ
Γ
Rρσγδ
=
(1)
Rµνρσ
(1)
Rµνρσ −
(2)
Rµνρσ
(2)
Rµνρσ +
(3)
Rµνρσ
(3)
Rµνρσ −
(4)
Rµνρσ
(4)
Rµνρσ +
(5)
Rµνρσ
(5)
Rµνρσ +
(6)
Rµνρσ
(6)
Rµνρσ
=
Γ
Rµνρσ
Γ
Rρσµν − 4
Γ
Rµν
Γ
Rνµ +
Γ
R2 , (2.33)
which is a boundary term in four dimensions.
2.2 Lagrangian with asymptotic Weyl invariance
Among general possibilities of Lagrangian, we only consider a Lagrangian having a cer-
tain property. A special class, which has gained attention in the literature, is called the
quadratic Poincare´ gauge theories (qPGTs) where the dimension four terms are supposed to
be quadratic in the Riemann-Cartan curvature:
LqPGT,4 =
6∑
n=1
bn
(n)
Rµνρσ
(n)
Rµνρσ , (2.34)
where bn are dimensionless constants. The restriction to only the quadratic curvature terms
must be spoiled by radiative corrections unless protected by some mechanism, which may
motivate us to generalize the qPGTs. The quadratic curvature terms (2.34) have a prop-
erty different from other generic dimension four terms: the corresponding action of (2.34) is
invariant under the local Weyl transformation in the sense of the Riemann-Cartan geome-
try [19],
eaµ → eΩ(x)eaµ , ωabµ → ωabµ . (2.35)
Although the local Weyl invariance cannot be an exact symmetry of the theory in order to
include dimension two terms especially the Einstein-Hilbert action, the asymptotic restora-
tion of the certain symmetry in the UV limit could be used to constrain the possible terms of
the Lagrangian. We thus assume throughout the present paper the “asymptotic” local Weyl
invariance where the dimension four operators respect the local Weyl invariance (2.35) while
the lower dimensional operators L2 do not. This situation may be realized if the renormal-
ization group (RG) flow of the underlining theory admits a UV fixed point with the local
Weyl invariance. The higher dimensional operators Ln (n > 4) may be included but in the
present paper we assume the hierarchy M∗  Λ so that they can be ignored for the study
of inflationary dynamics at energy scales up to M∗. This assumption may be justified if the
RG flow admits a saddle point with the local Weyl invariance and the flow stays near the
saddle point for a sufficiently long at intermediate scales M∗ . E  Λ.
One can introduce a dilaton field, coupling to the dimension two operators properly, as a
Stu¨eckelberg field to restore the invariance under the local Weyl transformation at all scales.
After introducing the dilaton, the asymptotic local Weyl invariance would be reinterpreted
as the assumption that the dilaton is decoupled in the UV limit. However, in the present
paper we shall work on the “unitary gauge” Lagrangian where the dilaton takes a fixed value
and does not appear explicitly.
The Weyl transformation (2.35) is equivalent to the Weyl rescaling of the metric accom-
panied by the integrable projective transformation
gµν → e2Ω(x)gµν , Γµαβ → Γµαβ + δµα∂βΩ , (2.36)
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under which the Riemann-Cartan curvature
Γ
Rµναβ is invariant while the torsion is trans-
formed as
Tµνρ → Tµνρ − 2δµ[ν∂ρ]Ω . (2.37)
The transformation law of the torsion implies that only the irreducible pieces Tµ is trans-
formed under (2.36) and the others are invariant:
Tµ → Tµ − 3∂µΩ ,
(1)
T µνρ →
(1)
T µνρ , Tµ → Tµ . (2.38)
Since the transformation law of Tµ is the same as that of the U(1) gauge transformation,
we obtain an invariant tensor,
Fµν := 2∂[µTν] , (2.39)
composed of the derivative of Tµ. We can also consider Weyl invariant tensors made by
derivatives of the other irreducible pieces
(1)
T µνρ and Tµ. The simplest way finding them is to
define a new connection
Γ˜µαβ := Γ
µ
αβ +
1
3
δµαTβ , (2.40)
and to consider covariant derivatives with respect to (2.40). The new connection (2.40) is
invariant under (2.36). Hence, the following tensors
∇˜µTν , ∇˜µ
(1)
T νρσ , (2.41)
are also local Weyl invariant where ∇˜µ is the covariant derivative with respect to the deformed
connection (2.40). Note that X µν is written in terms of the torsion tensor by virtue of the
Bianchi identity as
X µν = 1
2
(
Γ
∇αTµβγ − TµαδT δβγ)αβγν
= (gµνgαβ − gµαgνβ)∇˜αTβ − 1
6
Fαβ
αβµν +
1
2
(∇˜α
(1)
T µβγ −
(1)
T µαδ
(1)
T δβγ)
αβγν + 2
(1)
T (µν)αTα ,
(2.42)
and then one of Xµν and ∇˜µTν are redundant. We do not need to use ∇˜µTν as an independent
ingredient of the Lagrangian.
The tensor Fµν and the deformed connection (2.40) have a certain geometrical meaning.
Two connections Γµαβ and Γ˜
µ
αβ are related via the projective transformation. The geometry
with the deformed connection (2.40) is not metric compatible but satisfies the so-called Weyl’s
semi-metricity condition ∇˜µgαβ = 23Tµgαβ where the torsion vector Tµ plays a role of the
Weyl vector. The curvature and the torsion of Γ˜µαβ are given by
R˜µνρσ =
Γ
Rµναβ +
2
3
δµνFρσ , (2.43)
T˜µνρ =
(1)
T µνρ +
(3)
T µνρ . (2.44)
The resultant geometry is a Weyl-Cartan geometry with a traceless torsion, T˜µµν = 0, where
both curvature and torsion are now Weyl invariant. The tensor Fµν can be interpreted as an
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irreducible component of the curvature R˜µνρσ or can be interpreted as the field strength of
the Weyl vector Tµ.
As a result, the manifestly local Weyl invariant Lagrangian in the Riemann-Cartan
geometry can be constructed from the following building blocks,
(1)
T µνρ , Tµ ,
Γ
Rµνρσ , Fµν , ∇˜µ
(1)
T νρσ , (2.45)
where the first two tensors are of dimension one whereas others are of dimension two. Any
dimension four Lagrangian L4 constructed from (2.45) and the metric tensor is transformed
as
L4 → e−4ΩL4 , (2.46)
under (2.35), and then the corresponding action S4 =
∫
d4x
√−gM
2
pl
M2∗
L4 is local Weyl invariant.
However, we still have many possible terms with the scaling dimension four even if
the local Weyl invariance is imposed. To simplify the Lagrangian we ignore terms involving
∇˜µ
(1)
T νρσ and consider dimension four operators of the form
L4 = L4(gµν ,
(1)
T µνρ,
(3)
T µνρ,
Γ
Rµνρσ, Fµν) = L4(gµν , T˜µνρ, R˜µνρσ) , (2.47)
where the Lagrangian may be regarded as a PGT deformed by the projective transformation.
This ansatz of the Lagrangian does not lose the generality for the analysis of the background
universe since the tensor
(1)
T µνρ identically vanishes in the homogeneous and isotropic universe.
On the other hand, the ignored terms contribute to perturbation around the cosmological
background and thus the discussion on the tensor perturbations is not general.
2.3 Ghost-free theory with four massive particle species
The system described by the generic Lagrangian (2.49) below, with (2.50), (2.51), (2.73) and
(2.74), contains massive 2±, 1±, 0± particle species, where the number and ± denote the spin
and the parity of the particle species, which include both non-ghost and ghost particle species.
If the coupling constants appearing in L2,L4 are of O(1) without any fine-tuning, masses of
the ghosts are of order M∗. Since the inflationary Hubble scale is also M∗ as we will see latter,
the theory can consistently describe the inflationary universe only if the coupling constants
are fine-tuned in order that the masses of ghosts become sufficiently heavier than M∗. In
the present paper, we simply consider a theory where the ghost masses are infinitely heavy,
namely a ghost-free theory. Note that we refer to theories as “ghost-free” if theories have
no ghost at least around the cosmological background as well as weakly curved backgrounds.
Since (2.1) must be a low energy EFT of a fundamental theory, we do not require that
“ghost-free” theories are free from ghosts around arbitrary backgrounds.
The dimension four operators can be classified into
L4 = L(2)4 + L(3)4 + L(4)4 , (2.48)
where L(i)4 (i = 2, 3, 4) are the covariant terms starting from quadratic, cubic, and quartic
orders of perturbations around the Minkowski background, respectively. The Lagrangian
studied in the present paper is therefore
LG =
M2pl
2
L2 +
M2pl
M2∗
(
L(2)4 + L(3)4 + L(4)4
)
. (2.49)
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The stability conditions on the Minkowski spacetime yield constraints on L2 and L(2)4 . The
generic forms are
L2 =
Γ
R+ a1
(1)
T µνρ
(1)
T µνρ + a2TµT
µ + a3TµT µ , (2.50)
L(2)4 =
6∑
n=1
bn
(n)
Rµνρσ
(n)
Rµνρσ + b7FµνF
µν + b8Fµν
?X µν
= b1
(1)
Rµνρσ
(1)
Rµνρσ − 2b2X TµνX Tµν −
b3
6
X 2 + 2b4
Γ
RTµν
Γ
RTµν + 2b5
?Xµν?X µν + b6
6
Γ
R2
+ b7FµνF
µν + b8Fµν
?X µν , (2.51)
where ai and bn (i = 1, 2, 3;n = 1, · · · , 8) are dimensionless constants. The qPGT is the case
with b7 = b8 = 0. Whereas the qPGTs can have at most three massive particle species [15, 16]
in addition to the massless graviton, our previous paper showed that at most four different
particle species can coexist around the Minkowski background in general theories [13]. The
theory with non-ghost massive 0+, 0−, 1+, 2+ particle species is obtained when three critical
conditions
b1 + b2 = 0 , 8(b4 + b5)b7 − b28 = 0 ,
3[a2(b4 + b5) + 3b7 + b8] + 2a1(2b4 + 2b5 + 9b7 + 3b8) = 0 , (2.52)
are satisfied. The critical conditions eliminate ghost spin 2− and 1− modes around the
Minkowski background. Only 8 parameters of the 11 parameters (ai, bn) can be free param-
eters. A useful parametrization of the coupling constants is
a1 =
1
2
(αT1 − 1), a2 = −
2
3α2
(αT1 − α2), a3 =
3
2
(αT3 − 1), b1 =
αC
4
+ αGB,
b2 = −αC
4
− αGB, b3 = −αX
2
+
αC
4
+ αGB, b4 = −αGB, b5 = 1
4
(3αY + αC) + αGB,
b6 =
αR
2
+ αGB, b7 =
1
18α2
(3αY + αC)(α− 1)2, b8 = 1
3α
(3αY + αC)(1− α), (2.53)
by the use of 8 parameters (α, αT1 , αT3 , αR, αC , αX , αY , αGB). This parametrization trivially
satisfies all critical conditions.
Then, L2 and L(2)4 are given by
L2 =
Γ
R+
1
2
(αT1 − 1)
(1)
T µνρ
(1)
T µνρ − 2
3α2
(αT1 − α2)TµTµ +
3
2
(αT3 − 1)TµT µ , (2.54)
L(2)4 =
αR
12
Γ
R2 +
αC
4
Γ
C2 +
αX
12
X 2 + 1
2
(αC + 3αY )YµνY
µν + αGB
Γ
R2GB , (2.55)
where
Yµν :=
?Xµν + 1− α
3α
Fµν . (2.56)
The stability conditions of the Minkowski spacetime, i.e. no ghost and no tachyon conditions
on the massive 0+, 0−, 1+, 2+ particles, lead to
αR, αC , αX , αY > 0 , 0 < α2 < αT1 < 1 , αT1 < αT3 . (2.57)
The parameter α can be positive or negative as long as the modulus is less than one but two
branches are disconnected since α 6= 0 (unless αT1 = 3αY +αC = 0). To analyze cosmological
solutions, it is useful to define the parameter
αT2 := αT1/α
2 , (2.58)
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where the stability condition (2.57) reads
αT2 > 1 . (2.59)
The masses of the particles around the Minkowski background are
m22+ =
αT1
αC(1− αT1)
M2∗ , (2.60)
m20+ =
αT1
αR(αT1 − α2)
M2∗ =
αT2
αR(αT2 − 1)
M2∗ , (2.61)
m21+ =
αT1αT3
αY (αT3 − αT1)
M2∗ , (2.62)
m20− =
αT3
αX
M2∗ , (2.63)
where the suffixes refer to the spin and the parity of each particle species, e.g. m2+ is the
mass of the parity even massive spin-2 particle2.
If we introduce a dilaton φ to restore the local Weyl invariance at all scales, the dimen-
sion two parts of the action becomes
S2 =
∫
d4x
√−gM
2
pl
2
e−2φ
×
[
Γ
R+
1
2
(αT1 − 1)
(1)
T µνρ
(1)
T µνρ − 6(αT2 − 1)
(
∂µφ+
1
3
Tµ
)2
+
3
2
(αT3 − 1)TµT µ
]
,
(2.64)
where the dilaton is supposed to be transformed as
φ→ φ+ Ω , (2.65)
under the Weyl transformation (2.36). By the use of a normalized field
Φ = Mple
−φ , (2.66)
the action is written as
S2 =
∫
d4x
√−g
[
−3(αT2 − 1)∇˜µΦ∇˜µΦ +
1
2
Φ2
(
Γ
R+
1
2
(αT1 − 1)
(1)
T µνρ
(1)
T µνρ +
3
2
(αT3 − 1)TµT µ
)]
,
(2.67)
where the covariant derivative ∇˜µ of Φ is defined by
∇˜µΦ =
(
∂µ − 1
3
Tµ
)
Φ , (2.68)
2We obtain a qPGT when eliminating Fµν from (2.55). A case without Fµν is α = 1 where either 2
+
or 0+ is a ghost particle. Another qPGT is the case αC + 3αY = 0 in which either 2
+ or 1+ is a ghost
particle. One can tune couplings constant in order that the resultant ghost becomes infinitely heavy and then
obtain a ghost-free qPGT with three massive particle species. An example of a ghost-free qPGT is α = 1 and
αR = 0 which has massive 2
+, 1+, 0− particle species around the Minkowski background. In particular, the
cosmological solutions and cosmological perturbations were recently discussed in [20, 21] under the further
assumption αT3 = αT1 where the 1
+ particle is also infinitely heavy.
– 10 –
which is transformed as
∇˜µΦ→ e−Ω∇˜µΦ , (2.69)
under (2.36) and (2.65). We use the same notation as in (2.41) since ∇˜µ is defined in order that
a covariant derivative of a tensor ∇˜µA··· is transformed under the local Weyl transformation
in the same way as the global one. See, e.g., [7] for a discussion on the Weyl gauge theory.
Then, one can see that the parameter αT2 (or α related by (2.58)) has a different physical
meaning than αT1 and αT3 : αT2 determines the kinetic term of the dilaton. In particular, the
limit αT2  1 is thus a weak coupling limit of Φ. In the rest of the present paper, we adopt
the unitary gauge
Φ = Mpl , (2.70)
and thus the dilaton does not appear in the Lagrangian explicitly.
In practice, it would be convenient to use an equivalent form of the Lagrangian (2.49)
specially for the perturbation analysis. Since the Gauss-Bonnet term is a boundary term, we
can choose αGB = −αC4 without loss of generality in order to remove
(1)
R2 term from
Γ
C2:
L(2)4 =
2αR − αC
24
Γ
R2 +
αC
2
Γ
RTµν
Γ
RTµν +
αX
12
X 2 + 1
2
(αC + 3αY )YµνY
µν − αC
2
?Xµν?X µν .
(2.71)
Supposing αR, αC , αX , αY 6= 0, we then introduce four dimensionless auxiliary variables
λ, ϕ,Ξµν and Aµν in order to rewrite the action into the equivalent form
Leq =
M2pl
2
[
λ
Γ
R+ Ξµν
Γ
Gµν + Xϕ+ Y µνAµν
+
1
2
(αT1 − 1)
(1)
T µνρ
(1)
T µνρ − 2
3
(αT2 − 1)TµTµ +
3
2
(αT3 − 1)TµT µ
]
+
M2pl
M2∗
[
αC(1− α)
3α
(
Y µνFµν − (1− α)
6α
FµνF
µν
)
+ L(3)4 + L(4)4
]
−M2plM2∗
[
3
4αR
(λ− 1)2 + 1
8αC
(ΞµνΞ
µν − ΞµµΞνν) + 3
4αX
ϕ2 +
1
24αY
AµνA
µν
]
, (2.72)
where Ξµν and Aµν are symmetric and antisymmetric tensors, respectively. The original
action (2.49) with (2.54) and (2.55) is obtained when integrating out the auxiliary variables
λ, ϕ,Ξµν and Aµν . On the other hand, as shown in Appendix A, all components of the torsion
can be eliminated by the use of its equation of motion under the assumption |
Γ
Rµνρσ| 
M2∗ , |Tµνρ| M∗ and then the Einstein frame action is obtained after transformations of the
metric and of the variable Ξµν . The massive spin-0
+, 0−, 2+, 1+ particles are then represented
by the scalar, the pseudo-scalar, the symmetric rank two tensor, and the antisymmetric rank
two tensor, respectively. Although the paper [13] only discussed the perturbations around
the Minkowski background, the existence of the Einstein frame implies that the theory is free
from ghost as far as the curvature and the torsion are sufficiently small in the unit of M∗.
The assumption |
Γ
Rµνρσ| M2∗ , |Tµνρ| M∗, however, does not hold during the inflationary
universe. Even so, (2.72) is indeed useful to discuss the tensor perturbations as we will see.
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We finally specify the nonlinear terms L(3)4 and L(4)4 . They are given by
L(3)4 = c1
Γ
RTµT µ + c2
Γ
RTµνT µT ν + c3αβρσ
(1)
Rµνρσ
(1)
T α
µνTβ + c4X Tµν
(1)
T µνρTρ + c5µαβγ
Γ
RTµν
(1)
T αβ
νTγ
+ c6
αβγµ?Xµν
(1)
T αβ
νTγ + c7αβγµFµν
(1)
T αβ
νTγ +O(
(1)
T 2)
= c1
Γ
RTµT µ + c2
Γ
RTµνT µT ν + c3
(1)
Rµνρσ
(1)
T αµν
(3)
T ρσα − 1
2
c4
(2)
Rµνρσ
(1)
T αµν
(3)
T ρσα
+
1
2
c5
(4)
Rµνρσ
(1)
T αµν
(3)
T ρσα +
1
2
c6
(5)
Rµνρσ
(1)
T αµν
(3)
T ρσα + c7Fµν
(1)
T µαβ
(3)
T ναβ +O(
(1)
T 2) , (2.73)
L(4)4 = d1(TµT µ)2 +O(
(1)
T 2) , (2.74)
up to linear order in
(1)
T µνρ. In principle, there would be no reason to exclude terms nonlinear
in
(1)
T µνρ such as
Γ
R
(1)
T µνρ
(1)
T µνρ and
(1)
T µνρ
(1)
T µνρT αTα. However, we do not consider such terms
in the present paper since they do not affect the background dynamics of the universe for
the same reason to ignore
Γ
∇µ
(1)
T νρσ. The linear terms are added to just show that they
contribute to the perturbations and can be constrained. For instance, in Sec. 5, we will find
that the ghost-free condition of the tensor perturbations in the high momentum limit leads
to c3 = c4 = 0.
3 Einstein frame in single field limit
As a first step to study the inflationary universe, we may consider a parameter space where
only the inflaton and the graviton are light fields while masses of other fields are much larger
than the Hubble scale. Here, we identify the spin-0+ particle with the inflaton field and
consider the limit αC , αY , αX → 0, i.e. heavy mass limit of the 2+, 1+, 0− particle species.
To consider this limit, we first use the original Lagrangian (2.49). The equations of motion
of
(1)
T µνρ and Tµ generally admit a solution
(1)
T µνρ = 0 , Tµ = 0 , (3.1)
under αC , αY , αX → 0. In the infinite mass limit, fluctuations of
(1)
T µνρ, Tµ can be ignored as
far as the solution (3.1) is stable; we thus consider the action
Llight =
M2pl
2
[
Γ
R− 2
3
(αT2 − 1)TµTµ +
αR
6M2∗
Γ
R2
]
(1)
T ,T =0
. (3.2)
We then rewrite the action (3.2) as the equivalent form
√−gLeq =
√−g
[
M2pl
2
λ
Γ
R|(1)
T ,T =0
− M
2
pl
3
(αT2 − 1)TµTµ −
3M2plM
2∗
4αR
(λ− 1)2
]
, (3.3)
where λ is an auxiliary variable. In the similar way as what is done in the Starobinsky
inflation, we can take a Weyl transformation of (3.3) to obtain the Einstein frame action. In
the present case, the computation is simpler to consider the following Weyl transformation
gµν = λ
−1gEµν , Tµ = T
E
µ +
3
2
∂µ lnλ , (3.4)
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with λ > 0. The Einstein frame action is
√−gLeq =
√
−gE
[
M2pl
2
Γ
RE |(1)
T ,T =0
− M
2
pl
3λ
(αT2 − 1)
(
TEµ +
3
2
∂µ lnλ
)2
− 3M
2
plM
2∗
4αR
(1− λ−1)2
]
,
(3.5)
where
Γ
RE |(1)
T ,T =0
= R(gE)− 2
3
TEµ T
Eµ − 2∇Eµ TEµ . (3.6)
The Einstein frame Ricci scalar R(gE) and the covariant derivative ∇Eµ are defined by the
Levi-Civita connection with respect to gEµν . We can further eliminate T
E
µ by using its equation
of motion of which solution is
TEµ = −
3(αT2 − 1)
2(αT2 − 1 + λ)
∂µ lnλ . (3.7)
The Einstein frame action is then
√
−gELE =
√
−gE
[
M2pl
2
R(gE)− 3M
2
pl(αT2 − 1)
4(αT2 − 1 + λ)
(∂µ lnλ)
2 − 3M
2
plM
2∗
4αR
(1− λ−1)2
]
. (3.8)
One can immediately see that the Starobinsky’s inflationary model is recovered in the
limit αT2 →∞:
lim
αT2→0
LE =
M2pl
2
R(gE)− 3M
2
pl
4
(∂µ lnλ)
2 − 3M
2
plM
2∗
4αR
(1− λ−1)2
=
M2pl
2
R(gE)− 1
2
(∂µχ0)
2 − 3M
2
plM
2∗
4αR
(
1− e−
√
2
3
χ0
Mpl
)2
, (3.9)
where the canonically normalized field χ0 is defined via
λ = e
√
2
3
χ0
Mpl . (3.10)
The restoration of the Starobinsky model is easily understood by the fact that the equation
of motion of Tµ yields Tµ → 0 in the limit αT2 → ∞ which is nothing but the limit to the
torsionless geometry, namely the Riemannian geometry. The Starobinsky model is obtained
by taking αC , αX , αY → 0, namely the infinitely heavy mass limit of 2+, 1+, 0− and the weak
coupling limit of the dilaton, αT2 →∞.
For a generic value of αT2 , we introduce a canonically normalized field χ via
λ = (αT2 − 1)csch2
[
χ√
6Mpl
]
. (3.11)
The Einstein frame action with the canonically normalized field χ is given by
LE =
M2pl
2
R(gE)− 1
2
(∂µχ)
2 − V (χ) , (3.12)
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Figure 1. The form of the potential. In the right figure, we set αT2 = 2 (red), αT2 = 50 (blue), and
αT2 = 1000 (green), where each dot is the local maximum of the potential. The black dashed curve
in the right figure is the form of the Starobinsky potential.
with the potential
V (χ) =
3M2plM
2∗
16αR(αT2 − 1)2
(
(2αT2 − 1)− cosh
[√
2
3
χ
Mpl
])2
, (3.13)
which is an even function of χ. The form of the potential is shown in the left panel of Fig. 1,
and the overall shape including the positive and negative ranges of χ is similar to that of
the hilltop inflation [22] rather than the Starobinsky inflation. However, we should only
discuss the range χ > 0 since χ = 0 is a singular point of the transformation (3.4). When
considering the cosmology, the point χ = 0 is the Big Bang singularity where the scale factor
of the original metric gµν vanishes. It would be nonetheless interesting that the point χ = 0
is not a singularity in the Einstein frame action. The point χ = 0 is just a local maximum
of the potential where the unstable de Sitter spacetime is an exact solution.
The Minkowski spacetime is realized at χ = χM (λ = 1), where
χM =
√
3
2
Mplarccosh(2αT2 − 1) . (3.14)
Two variables χ0, χ defined by (3.10) and (3.11) are related via
χ0 = lim
αT2→∞
(−χ+ χM ) . (3.15)
We notice that χM →∞ as αT2 →∞. Therefore, under the limit αT2 →∞, the singularity is
at χ = 0 and χ0 =∞ while the Minkowski point is at χ =∞ and χ0 = 0, respectively. From
the right panel of Fig. 1, one can see that the potential indeed approaches the Starobinsky
potential as αT2 →∞ and that the singular point (the local maximum of the potential) goes
to infinity as αT2 →∞.
Since the Einstein frame action is given by GR with a canonical scalar field with a
potential, we may use the standard slow-roll approximation. The slow-roll parameters are
V :=
M2pl
2
(
dV/dχ
V
)2
=
4(y + 1)(y − 1)
3[(y + 1)− 2αT2 ]2
, (3.16)
ηV := M
2
pl
d2V/dχ2
V
=
4[2y2 − (2αT2 − 1)y − 1]
3[(y + 1)− 2αT2 ]2
, (3.17)
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where
y := cosh
[√
2
3
χ
Mpl
]
. (3.18)
The e-folds is
Ne ' 3
2
∫ χ
χe
dχ′
V0
dV0/dχ′
=
[
3
4
{−(αT2 − 1) ln(y − 1) + αT2 ln(y + 1)}
]y
ye
, (3.19)
where χe and ye are the values of χ and y, respectively, at the end of inflation, i.e. a root
of V = 1. The asymptotic value of ye as αT2 → ∞ is ye → (4
√
3 − 6)αT2 ' 0.93αT2 . The
contribution from the lower limit of the integral logarithmically increases as αT2 increases.
Therefore, as long as 34 lnαT2  Ne, we may ignore the contribution from the lower limit and
obtain
Ne ' −3(αT2 − 1)
4
ln(y − 1) + 3αT2
4
ln(y + 1)
=
3αT2
4
ln
(
y + 1
y − 1
)
+
3
4
ln(y − 1) . (3.20)
This expression implies that the parameter αT2 controls how long χ can stay on the slope
of the potential where we shall call the region y ' 1 the top of the potential and αT2 &
y − 1 > O(1) the slope of the potential, respectively. First, let us consider the case with
y ' 1, i.e. the case where the observed CMB scale corresponds to the region near the top of
the potential. We obtain
y ' 1 + exp
[
− 4Ne
3(αT2 − 1)
]
, (3.21)
and then
V ' 2
3(αT2 − 1)2
exp
[
− 4Ne
3(αT2 − 1)
]
, (3.22)
ηV ' − 2
3(αT2 − 1)
, (3.23)
where the approximation is valid when 4Ne3(αT2−1)
 1. This scenario must be excluded by
the current observations since V  1, |ηV | = O(1) and then the spectral index ns largely
deviates from 1. The situation is similar to the hilltop inflation. Hence, we consider the case
αT2 & Ne(' 50) 1 where the observed scale is on the slope of the potential, y − 1 > O(1).
In this case, we have
y ' e
4Ne
3αT2 + 1
e
4Ne
3αT2 − 1
, (3.24)
and then we obtain
V ' 4
3α2T2
e
4Ne
3αT2
(
e
4Ne
3αT2 − 1
)−2
, (3.25)
ηV ' 2
3αT2
(
1− e
8Ne
3αT2
)(
e
4Ne
3αT2 − 1
)−2
. (3.26)
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Figure 2. The values of ns and r, where the dots corresponds to the results of αT2 = 50 (red),
αT2 = 70 (blue) and the Starobinsky inflation (black).
In particular, when αT2  Ne, the slow roll parameters can be approximated as
V ' 3
4N2e
, (3.27)
ηV ' − 1
Ne
, (3.28)
which reproduce the predictions of the Starobinsky inflation. Fig. 2 shows numerical values
of the spectral index ns and the tensor-to-scalar ratio r computed by (3.16), (3.17), and
(3.19). Although the precise constraint on αT2 depends on the e-folds, the result yields the
lower bound, αT2 & 50; for instance, αT2 = 50, Ne = 55 gives ns = 0.958 and r = 0.0028
which is almost the lower bound of ns at 2σ level [1].
An interesting observation would be that the tensor-to-scalar ratio is almost unchanged
in the viable range of ns. The tensor-to-scalar ratio is of order 10
−3 not only for the Starobin-
sky model but also for the R2 model based on the Riemann-Cartan geometry with finite αT2 .
Therefore, if the future observations such as LiteBIRD do not detect the primordial gravita-
tional waves, both of the R2 models are excluded. On the other hand, if the tensor-to-scalar
ratio as well as ns is found to be consistent with the predictions of the R
2 models, more
precise observations may be used to explore the spacetime geometry during the inflationary
regime.
How can we distinguish between the Riemannian geometry and the Riemann-Cartan
geometry if the inflation model is the R2 model? The crucial difference between them would
be the number of the non-ghost massive particle species: there is only the massive spin-
0+ particle in the Riemannian case while there can be four massive particle species in the
Riemann-Cartan case. Signatures of these massive particle species must be a smoking gun
to distinguish these models which are discussed in the following sections.
4 Background dynamics in general case
In this section, we study dynamics of the flat FLRW universe
ds2 = −N2dτ2 + a2dx2 , Tµdxµ = NT0dτ , Tµdxµ = NT0dτ , (4.1)
in the general parameter space of (2.49), where all variables are functions of the time τ .
4.1 Non-zero operators for minisuperspace action
In the flat FLRW ansatz, we have
(1)
T µνρ = 0 , Fµν = 0 , ∇˜µ
(1)
T νρσ = 0 ,
(1)
Rµνρσ = 0 . (4.2)
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These tensors do not contribute the background dynamics of the universe. Only non-zero
components of the Riemann-Cartan curvature are given by
Γ
R00 =
3H ′
N
+ 3H2 +
T ′0
N
+ T0H , (4.3)
Γ
Rij =
[
H ′
N
+ 3H2 +
T ′0
3N
+
5
3
HT0 +
2
9
T 20 −
1
2
T 20
]
δij , (4.4)
X 00 = −(3H + T0)T0 , (4.5)
X ij = −
[T ′0
N
+
(
2H +
1
3
T0
)
T0
]
δij , (4.6)
where H := a
′
aN and the prime is the derivative with respect to τ . From the parity invariance
as well as the local Weyl invariance, the most general non-vanishing operator at the scaling
dimension four is thus a linear combination of
Γ
R2,
Γ
RTµν
Γ
RTµν , X 2, X TµνX Tµν ,
Γ
RTµT µ ,
Γ
RTµνT µT ν , (TµT µ)2 , (4.7)
in the FLRW ansatz. The non-vanishing part of the Lagrangian (2.49) with (2.53) and (2.58)
under the FLRW ansatz is
LFLRW =
M2pl
2
[
Γ
R− 2
3
(αT2 − 1)TµTµ +
3
2
(αT3 − 1)TµT µ
]
+
M2pl
M2∗
[
αR
12
Γ
R2 +
αC
4
Γ
C2 +
αX
12
X 2 + c1
Γ
RTµT µ + c2
Γ
RTµνT µT ν + d1(TµT µ)2
]
. (4.8)
The dynamics of the background universe is determined by αT2 , αT3 , αR, αC , αX , c1, c2, d1.
However, one of (αC , c1, c2) is redundant for discussing the FLRW universe since the combi-
nation
√−g
(
Γ
C2 + 2
Γ
RµνT µT ν
)
=
√−g
(
2X TµνX Tµν −
1
6
X 2 + 2
Γ
RµνT µT ν
)
= − d
dτ
[
2Na3T 20 (3H + T0)
]
, (4.9)
is a total divergence term for the FLRW ansatz although this is not the case in general. If
we remove
Γ
C2 from the minisuperspace action by using (4.9), we obtain
LFLRW =
M2pl
2
[
Γ
R− 2
3
(αT2 − 1)TµTµ +
3
2
(αT3 − 1)TµT µ
]
+
M2pl
M2∗
[
αR
12
Γ
R2 +
αX
12
X 2 +
(
c1 − αC
8
) Γ
RTµT µ +
(
c2 − αC
2
) Γ
RTµνT µT ν + d1(TµT µ)2
]
.
(4.10)
It would be worth emphasizing that the same conclusion is obtained even if we do not
use the ghost-free conditions (2.53). The most general minisuperspace Lagrangian with the
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parity invariance and the asymptotic Weyl invariance is computed by
LgeneralFLRW =
M2pl
2
(
Γ
R+ a2TµT
µ + a3TµT µ
)
+
M2pl
M2∗
(
−2b2X TµνX Tµν −
b3
6
X 2 + 2b4
Γ
RTµν
Γ
RTµν +
b6
6
Γ
R2
+ c1
Γ
RTµT µ + c2
Γ
RTµνT µT ν + d1(TµT µ)2
)
, (4.11)
by the use of the FLRW ansatz. One can then add the Gauss-Bonnet term
Γ
R2GB and the
boundary term (4.9) to eliminate two of the terms in the second line of (4.11). As a result, the
general minisuperspace action (4.11) is given by only eight independent terms. Eliminating
Γ
RTµν
Γ
RTµν and X TµνX Tµν we obtain the same form as (4.10),
LgeneralFLRW =
M2pl
2
(
Γ
R+ a2TµT
µ + a3TµT µ
)
+
M2pl
M2∗
[
1
6
(b4 + b6)
Γ
R2 − 1
6
(b2 + b3)X 2 +
(
c1 +
b2
2
− b4
2
)
Γ
RTµT µ
+ (c2 + 2b2 − 2b4)
Γ
RTµνT µT ν + d1(TµT µ)2
]
. (4.12)
Regardless of using the ghost-free parametrization (2.53), there are only eight independent
terms in the FLRW ansatz.
4.2 Quasi-Einstein frame action
As discussed, the existence of 0+, 0− particles (and 2+, 1+ particles) are made clear by in-
troducing auxiliary variables and using the equivalent form (2.72). Since only the spin-0
sectors are dynamical in the minisuperspace action, we only introduce two auxiliary scalars
λ, ϕ (i.e. integrating out Ξµν and Aµν from (2.72)) and rewrite the action as
LFLRW =
M2pl
2
[
λ
Γ
R+ ϕX − 2
3
(αT2 − 1)TµTµ +
3
2
(αT3 − 1)TµT µ
]
− 3M
2
plM
2∗
4αR
(λ− 1)2 − 3M
2
plM
2∗
2αX
ϕ2
+
M2pl
M2∗
[
αC
4
Γ
C2 + c1
Γ
RTµT µ + c2
Γ
RTµνT µT ν + d1(TµT µ)2
]
. (4.13)
One can perform integration by parts in order that the action does not contain time deriva-
tives of T0. Since the action depends on T0 at most quadratically, the constraint equation of
T0 is easily solved. After integrating out T0 and taking the redefinition of λ as
λ→ λ+ 1
2
(4c1 + c2 − αC)T 20 /M2∗ , (4.14)
the variable T0 becomes a non-dynamical variable. Therefore, T0 can, in principle, be inte-
grated out and then the minisuperspace action with the parity even scalar λ and the parity
odd scalar ϕ would be obtained. In practice, however, the constraint equation of T0 cannot
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be easily solved. One could not find the Einstein frame of the minisuperspace action with
two scalar fields in generic parameter space.
Therefore, we integrate out ϕ from (4.13) and write the minisuperspace action as
LFLRW =
M2pl
2
[
λ
Γ
R− 2
3
(αT2 − 1)TµTµ +
3
2
(αT3 − 1)TµT µ
]
− 3M
2
plM
2∗
4αR
(λ− 1)2
+
M2pl
M2∗
[
αC
4
Γ
C2 +
αX
12
X 2 + c1
Γ
RTµT µ + c2
Γ
RTµνT µT ν + d1(TµT µ)2
]
. (4.15)
After integrating out T0, we obtain the minisuperspace action in terms of (a,N, λ, T0). We
then take the field redefinitions, (a,N, λ)→ (aE , NE , λ˜), via the relations
a = A−1/2aE , (4.16)
N = A−1/2NE , (4.17)
λ = A+
1
4
(8c1 + 2c2 + 3αX − 2αC) T
2
0
M2∗
, (4.18)
where
A = λ˜
(
1 +
αXT 20
4M2∗ (αT2 − 1)
)
. (4.19)
The minisuperspace action with the variables χ˜a = (λ˜, T0) is given by
SFLRW =
∫
dtEd
3xa3E
[
M2pl
2
RFLRW(NE , aE) +
1
2
Gab
dχ˜a
dtE
dχ˜b
dtE
− VFLRW (χ˜a) + Lnon
]
,
(4.20)
where the time tE is defined by dtE = NEdτ and RFLRW is the Riemannian Ricci scalar,
RFLRW(NE , aE) = 12H
2
E + 6
dHE
dtE
, (4.21)
with HE =
d ln a
dtE
. The field space metric and the potential are given by
Gab = diag
[
3M2pl(αT2 − 1)
2λ˜2(αT2 − 1 + λ˜)
,
24αXM2plM
2∗ (αT2 − 1)2
λ˜(αXT 20 + 4(αT2 − 1)M2∗ )2
]
, (4.22)
and
VFLRW =
3M2plM
2∗
4αR
(1− λ˜−1)2 + 3(αT2 − 1)M
2
plM
2∗
2αX λ˜2
f(T0)
[
αT3 + g1(λ˜− 1) + g2(αT2 − 1)f(T0)
]
,
(4.23)
with the function
f(T0) := 2αXT
2
0
αXT 20 + 4(αT2 − 1)M2∗
. (4.24)
– 19 –
The last term Lnon represents the remaining non-minimal coupling
Lnon = g3(αT2 − 1)f(T0)
2λ˜[1 + g3f(T0) + λ˜/(αT2 − 1)]
×
( 3M2pl(αT2 − 1)
2λ˜2(αT2 − 1 + λ˜)
)1/2
dλ˜
dtE
−
(
6(αT2 − 1 + λ˜)
αT2 − 1
)1/2
MplHE
2 . (4.25)
To obtain a simple expression of the minisuperspace action, we have introduced new param-
eters (g1, g2, g3) via the relations
g1 =
1
2αR
[
αX
αT2 − 1
+ 3αX + 2(αR − αC + c2) + 8c1
]
, (4.26)
g2 =
3
2
− αT3 − 1
2(αT2 − 1)
− 1
3αX
(3αC − 6c2 + 8d1) + αR
2αX
(g1 − 1)2 , (4.27)
g3 =
1
αX
(3αX − αC + 2c2) . (4.28)
As far as αR 6= 0, αX 6= 0 and αT2 6= 1, there is a one-to-one correspondence between
(g1, g2, g3) and (c1, c2, d1).
The field space metric Gabdχ˜
adχ˜b is a two-dimensional hyperbolic space of which scalar
curvature is
R = − 1
3M2pl
. (4.29)
We define the normalized fields χ, θ by
λ˜ = (αT2 − 1)csch2
[
χ√
6Mpl
]
, (4.30)
T0 = 2
√
αT2 − 1
αX
M∗ tan
θ
2
, (4.31)
under the restrictions χ > 0,−pi < θ < pi, where we have used (2.59). The kinetic terms are
then given by
1
2
Gab
dχ˜a
dtE
dχ˜b
dtE
=
1
2
(
dχ
dtE
)2
+
1
2
F 2(χ)
(
dθ
dtE
)2
, (4.32)
where
F (χ) =
√
3
2
Mpl sinh
[
χ√
6Mpl
]
. (4.33)
The potential VFLRW can be divided into
VFLRW = V (χ) + U(χ, θ) , (4.34)
where V (χ) takes the form (3.13) and U(χ, θ) is the remaining part. By using the expression
f(T0) = 2 sin2 θ
2
= 1− cos θ , (4.35)
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the remaining part U is written as
U(χ, θ) = µ1(χ) (1− cos θ) + µ2(χ) (1− cos 2θ) , (4.36)
with
µ1(χ) =
3M2plM
2∗
2αX
sinh2
[
χ√
6Mpl
]{
g1 + sinh
2
[
χ√
6Mpl
](
αT3 − g1
αT2 − 1
+ 2g2
)}
=
F 2M2∗
αX
[
g1 + (y − 1)
(
αT3 − g1
2(αT2 − 1)
+ g2
)]
, (4.37)
µ2(χ) = −
3g2M
2
plM
2∗
4αX
sinh4
[
χ√
6Mpl
]
= −g2F
2M2∗
4αX
(y − 1) , (4.38)
where y is defined by (3.18). The non-minimal coupling term takes the form
Lnon = g3(y − 1)(1− cos θ)
2[y + 1 + g3(y − 1)(1− cos θ)]
(√
1
2
(y − 1) dχ
dtE
+
√
3(y + 1)MplHE
)2
. (4.39)
When g2 = 0, the potential U is of the same form as the standard axion potential but the
scale of the potential µ1 is “running”, i.e. depends on the value of χ. On the other hand,
in the generic case with g2 6= 0, the potential consists of two sinusoidal functions with the
different “running” scales µ1 and µ2. Note that not only the scales µ1, µ2 but also “the axion
decay constant” F depend on the value of χ. The inflationary model with two or more than
two sinusoidal functions is called the multi-natural inflation [23]. In the direction to θ, the
potential is similar to the multi-natural inflation potential with the running scales µ1, µ2 and
the running decay constant F .
As a result, after the field redefinitions, the minisuperspace action is given by a non-
linear sigma model with the hyperbolic field space coupled to GR and the remaining non-
minimal coupling Lnon. The potential is the sum of the Starobinsky-like potential V and the
multi-natural inflation-like potential U . In particular, the non-minimal coupling disappears
if g3 = 0. We shall refer to the frame of the action (4.20) as the quasi-Einstein frame and to
the original one (4.8) as the Jordan frame of the minisuperspace action, respectively. Note
that even in the g3 = 0 case we should not call (4.20) the Einstein frame in a strict sense
since this description is valid only for the homogeneous and isotropic background dynamics
and does not hold for perturbations.
The function A defined by (4.19) diverges as either λ˜ → ∞ or T0 → ±∞. The points
λ˜ → ∞ or T0 → ±∞ are the Big Bang singularity of the Jordan frame, a → 0. Regarding
the normalized fields these singular points correspond to χ → 0 (y → 1) and θ → ±pi,
respectively. However, the singularities cannot be seen in the quasi-Einstein frame action and
the singularities are just local extrema of the potential in the direction to χ or θ, respectively
(see the comments after (3.13)).
4.3 Test field approximation of θ
We now study the case when the universe is dominated by χ; that is, the background dynamics
is effectively described by (3.12). Since the background dynamics of (3.12) was discussed in
the previous section, we only study the dynamics of θ which may be treated as a test field.
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During the slow roll regime, the non-minimal coupling term can be approximated as
Lnon ' g3(y + 1)(y − 1)(1− cos θ)
2[y + 1 + g3(y − 1)(1− cos θ)]3M
2
plH
2
E
' g3F
2M2∗ (y + 1− 2αT2)2(y + 1)(1− cos θ)
8αR(αT2 − 1)2[y + 1 + g3(y − 1)(1− cos θ)]
, (4.40)
where we have ignored the slow-roll suppressed term dχ/dtE in the first line and then used
the Einstein equation 3M2plH
2
E ' V to obtain the second line. The dynamics of θ is thus
effectively described by the action
Sθ,eff =
∫
dtEd
3xa3E
[
F 2
2
(
dθ
dtE
)2
− Ueff
]
, (4.41)
Ueff = U − g3F
2M2∗ (y + 1− 2αT2)2(y + 1)(1− cos θ)
8αR(αT2 − 1)2[y + 1 + g3(y − 1)(1− cos θ)]
. (4.42)
The test field approximation may be valid as long as
F 2
2
(
dθ
dtE
)2
M2plH2E , |Ueff | M2plH2E . (4.43)
We first read the effective mass of θ around θ = 0. The effective potential is
Ueff ' F
2M2∗
2
[
(y − 1)αT3
2αX (αT2 − 1)
+
g1(2αT2 − y − 1)
2αX (αT2 − 1)
− g3(2αT2 − y − 1)
2
8αR(αT2 − 1)2
]
θ2 +O(θ4) . (4.44)
During the inflationary regime, the analytic results (3.21) and (3.24) conclude y − 1  αT2
for Ne  1; then, the squared effective mass is
m2θ,eff = M
2
∗
[
g1
αX
− g3
2αR
]
=
M2∗
2αR
[
1
αT2 − 1
+
2αR − αC + 8c1
αX
]
, (4.45)
which can be either positive or negative even if the squared mass of 0− around the Minkowski
background, m20− = αT3M
2∗ /αX , is positive. If the dimensionless constants are of order unity,
the effective mass is the same order of magnitude of the Hubble scale HE ∼M∗.
Due to the factor F =
√
3(y−1)
4 Mpl, the test field approximation can be used when χ is
near the top of the potential (y ' 1). The effective potential Ueff is approximated as
Ueff ' F 2m2θ,eff(1− cos θ) . (4.46)
The point θ = 0 (T0 = 0) is the minimum of the potential for m2θ,eff > 0 while the singular
points θ = ±pi (T0 → ±∞) are the minima when m2θ,eff < 0. The field θ tends to approach
the minimum θ = 0 or θ = ±pi depending on the sign of m2θ,eff . A special case is m2θ,eff = 0
where the effective mass of θ vanishes in the limit χ → 0. On the slope of the potential V ,
namely for y − 1 & O(1), θ may be treated as the test field if θ  1 and if (dθ/dtE)2  H2E
but, in general, the back-reaction of θ can not be ignored.
In the case of m2θ,eff < 0, the field θ must have an expectation value during the infla-
tionary regime independently of the initial condition. The trajectory of the fields χ and θ
will be shown in the next subsection. On the other hand, the value of θ should decrease as
the universe expands when m2θ,eff > 0. The typical value of θ at the horizon crossing must
depend on the initial condition of the inflation and the effective mass.
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We estimate the typical value of θ for m2θ,eff > 0 in the remaining part of this subsection.
Let us consider the parameter space m2θ,eff > 0 and αT2  1, and suppose that the universe
was born of a point close to the singularity χ ' 0, |θ| = O(1). We denote the e-folds of
the initial time as Ni. The theory (2.49) must be valid only after the Jordan frame Hubble
expansion rate,
H =
a′
aN
=
√
αT2 − 1
(y − 1)2(1 + cos θ)
[√
y − 1
(
2HE − dθ
dtE
tan
θ
2
)
+
√
2
3
(y + 1)
1
Mpl
dχ
dtE
]
,
(4.47)
becomes below the Planck scale. We have
dχ
dtE
' −dV/dχ
3HE
' √2VMplHE , (4.48)
under the test field approximation of θ as well as the slow roll approximation of χ. Therefore,
near the singularity χ ' 0 (y ' 1), the Jordan frame Hubble expansion rate is
H ∼
√
αT2
y − 1HE , (4.49)
as far as
∣∣∣ dθdtE tan θ2 ∣∣∣ . HE . If the universe was born at the Planck scale H ∼Mpl, the e-folds
of the initial time Ni is given by
Ni ∼ 3
2
αT2 ln
Mpl
α
1/2
T2
HE
. (4.50)
where we used (3.21) which can be applied when Ni  αT2 . The typical value is Ni ∼ 10αT2
in the validity range of the approximation; for instance, the values αT2 ∼ 100,Mpl/HE ∼ 105
lead to Ni/αT2 ∼ 10 for which Ni  αT2 is barely satisfied. To estimate the typical value
of θ at the horizon crossing of the CMB scale, we approximate the effective potential of θ as
the quadratic potential with the mass (4.45),
Ueff ' 1
2
F 2m2θ,effθ
2 . (4.51)
The approximate solution of θ is
θ ∝ a
− 3
2
±
√
9
4
−mθ,eff
H2
E , (4.52)
where we have used
d lnF
dtE
=
√
y + 1
6(y − 1)
1
Mpl
dχ
dtE
' 2(y + 1)
3(y + 1− 2αT2)
HE  HE (4.53)
for αT2  1. The typical value of θ at the horizon crossing (Ne ' 50 Ni) is thus
|θNe | ∼ exp
−3
2
+
√
9
4
− m
2
θ,eff
H2E
Ni
 , (4.54)
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for m2θ,eff <
9
4H
2
E and
|θNe | ∼ exp
[
−3
2
Ni
]
, (4.55)
for m2θ,eff >
9
4H
2
E , respectively. When the absolute value of the exponent is much larger than
unity, we may ignore the background value of θ in the observable range of the universe since
the amplitude of θ exponentially decays. The effective mass is given by (4.45) and the Hubble
rate can be expressed by the parameters of the theory by using the Friedmann equation,
m2θ,eff
H2E
∼ αR
αX
g1 − g3
2
=
1
2(αT2 − 1)
+
2αR − αC + 8c1
2αX
. (4.56)
We may classify the scenarios into three cases
case i :
1
2(αT2 − 1)
+
2αR − αC + 8c1
2αX
 1
10αT2
, (4.57)
case ii :
1
2(αT2 − 1)
+
2αR − αC + 8c1
2αX
∼ 1
10αT2
, (4.58)
case iii :
1
2(αT2 − 1)
+
2αR − αC + 8c1
2αX
 1
10αT2
. (4.59)
In the case i, the background value of θ can be ignored due to the exponential suppression
and the test field approximation of θ is trivially justified. In the case ii and the case iii,
however, θ cannot be ignored. In the case ii, the value of θ must barely decrease up until
the horizon crossing. The test field approximation may be valid on the slope as the leading
approximation and the effect of θ can be included perturbatively. In the case iii, on the other
hand, we cannot use the test field approximation during the inflationary regime.
4.4 Trajectories of χ and θ
We then study general trajectories of χ and θ without approximations. We specially focus on
the dynamics of χ and θ before the e-folds Ne = 50 in order to discuss the initial condition
dependence of the inflation. Needless to say, the precise dynamics of the universe at a scale
close to the Planck scale cannot be discussed without knowledge of quantum gravity. We,
however, suppose that the theory (2.49) is valid at a scale barely smaller than the Planck
scale and set initial conditions at this scale.
The overall behavior of the inflationary trajectories of the fields may be traced by
considering the two-dimensional subspace of the four-dimensional phase space defined by
dχ/dtE = dθ/dtE = 0 since the fields should be slowly rolling during the inflation. On the
two-dimensional subspace the velocity vector (dχ/dtE , dθ/dtE) vanishes. We thus plot the
acceleration vector (d2χ/dt2E , d
2θ/dt2E) on the two-dimensional subspace in Figs 3 and 4 as
blue arrows. In these figures, the plots are shown only in the range 0 ≤ θ < pi since the
minisuperspace action is invariant under θ → −θ due to the parity invariance. The black
dashed curves show points with HE = 0 but do not represent the end of inflation even in the
Einstein frame since dHE/dtE 6= 0 there. The black dot shows the potential minimum at
(χ, θ) = (χM , 0) and corresponds to the end of reheating after inflation. In the same figures,
numerical solutions with initial conditions dχ/dtE = dθ/dtE = 0 and H ∼ 0.1Mpl are shown
by red curves3. In the cases where the fields evolve towards the potential minimum, we also
plot a red dot which represents the e-folds Ne = 50, where the end of inflation is determined
by −(1/H2E)(dHE/dtE) = 1.
3For numerical calculations, we solve the evolution equations of χ, θ and HE . The Friedmann equation is
used to set the initial condition and used to check the accuracy of the calculations.
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Figure 3. Blue arrows show the acceleration vector (d2χ/dt2E , d
2θ/dt2E) on the two-dimensional
subspace of the four-dimensional space defined by dχ/dtE = dθ/dtE = 0. The red curves are the
projections of the trajectories of numerical solutions. The lines χ = 0 and θ = pi are the Big Bang
singularity of the Jordan frame. The black dot is the potential minimum χ = χM = 6.48Mpl, θ = 0
and the red dot is the point at the e-folds Ne = 50 of the numerical solution. The black dashed curves
represent HE = 0 (but dHE/dtE 6= 0 there). We set αT2 = 50, αT3 = 1,M∗/Mpl = 10−5, αR = 1, c1 =
c2 = d1 = 0 with αX = 2, αC = 1 (left), αX = 1, αC = 3 (middle), and αX = 1, αC = 3 (right), which
correspond to m2θ,eff = 0.26M
2
∗ , m
2
θ,eff = −0.24M2∗ , and m2θ,eff = −0.49M2∗ , respectively.
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Figure 4. The same figures as Fig. 3 where αT2 = 50, αT3 = 1,M∗/Mpl = 10
−5, αR = 1, αX = 1, g1 =
−1/5, g2 = 1/5 with g3 = −1/5 (left), g3 = −2/5 (middle), and g3 = −3/5 (right), which correspond
to m2θ,eff = −M2∗/10, m2θ,eff = 0, and m2θ,eff = M2∗/10, respectively.
If the absolute value of m2θ,eff is large enough (but still of O(M2∗ )) then the graceful
exit from inflation towards reheating tends to favor positive m2θ,eff . To illustrate this point,
Fig 3 highlights three models with different values of m2θ,eff : m
2
θ,eff = 0.26M
2∗ (Model I),
m2θ,eff = −0.24M2∗ (Model II) and m2θ,eff = −0.49M2∗ (Model III). FIG 4 focuses on more
subtle dependence of the behavior of the system on the value of m2θ,eff by showing three
models with smaller absolute values of m2θ,eff : m
2
θ,eff = −M2∗ /10 (Model IV), m2θ,eff = 0
(Model V) and m2θ,eff = M
2∗ /10 (Model VI).
When m2θ,eff > 0 (Models I and VI), the fields (χ, θ) first tend to approach χ ' 0, θ ' 0
from the Big Bang singularity χ ' 0 or θ ' pi; then, the fields roll down toward the potential
minimum χ = χM , θ = 0 along θ ' 0. The Starobinsky-like inflationary scenario discussed
in §. 3 may be naturally realized from the Big Bang singularity. On the other hand, in
the negative squared mass case, m2θ,eff < 0, the fields first go to χ 6= 0 and θ ' pi. In
Model IV, the fields then roll down toward the potential minimum along the curve from
χ ' Mpl, θ ' pi. On the other hand, in Models II and III, the fields do not approach the
potential minimum. In the vanishing effective mass case (Model V), the trajectory depends
on the initial condition. If the initial condition is χ ' 0, the fields directly move toward the
potential minimum whereas the trajectory is similar to Model IV if the initial condition is
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Figure 5. The inflationary trajectories of the fields on the (χ, θ) plane (left panel) and the evolutions
of θ (right panel) in the model αT2 = 50, αT3 = 1,M∗/Mpl = 10
−5, αR = 1, αX = 2, αC = 2 and
c1 = c2 = d1 = 0. The initial conditions are dχ/dtE = dθ/dtE = 0 with χ = 10
−3Mpl, θ = 3pi/4 (red)
and χ = Mpl, θ = 3.999pi/4 (blue), which correspond to H ' 0.22Mpl and H = 0.38Mpl, respectively,
at the initial time. The dots on the curves are the points at the e-folds Ne = 50.
θ ' pi. In these examples, Models II and III do not provide a realistic inflationary scenario
since the inflation does not end while other models can provide a graceful exit from inflation.
In Model I where the effective mass of θ is comparable to the inflationary Hubble scale
and then is classified into the case i (4.57), the value of θ at the e-folds Ne = 50 is extremely
small (the numerical solution gives its value as θ ' 10−105 where the initial condition is
χ = Mpl, θ = 3.999pi/4 and dχ/dtE = dθ/dtE = 0 which gives H ' 0.38Mpl at the initial
time). On the other hand, the value of θ is expected to be not so small in the case ii (4.58).
Numerical solutions in the case ii are shown in Fig. 5 where we assume
2αR − αC + 8c1 = 0 , (4.60)
to satisfy (4.58). At the e-folds Ne = 50, the values of θ are θ ' 0.03 for the initial condition
χ = 10−3Mpl, θ = 3pi/4 (red curves) and θ ' 0.001 for χ = Mpl, θ = 3.999pi/4 (blue curves),
respectively.
As a result, there are mainly three possible inflationary scenarios depending on the sign
of m2θ,eff and its absolute value. For the case with m
2
θ,eff > 0, the background dynamics
of the universe can be approximated by (3.12) since the value of θ decays. The value of θ
can be ignored at the horizon crossing if the effective mass is large enough to satisfy the
case i condition (4.57) whereas θ is not so small for the case ii (4.58). It would be worth
emphasizing that the fields move toward χ ' 0, θ ' 0, namely the top of the Starobinsky-type
potential V , even if the initial condition is χ 6= 0, as shown for Models I and IV in Figs 3
and 4, respectively. Although the potential form of χ is similar to the hilltop inflation, χ can
be automatically set in the top of the potential from generic initial conditions. The second
possible scenario is the case with m2θ,eff < 0 where both fields have non-zero values during
the inflation. As in the first scenario, the same trajectory of the fields can be realized from
generic initial conditions (Model IV in Fig 4). Finally, if the effective mass vanishes or is too
small, the trajectory strongly depends of the initial conditions (Model V in Fig 4).
5 Tensor perturbations
We then discuss linear perturbations around the FLRW background. In the present paper, we
shall only focus on the tensor perturbations and we leave the scalar and vector perturbations
for a future study. As for the background analysis, we have integrated out the auxiliary
variable ϕ,Ξµν , Aµν to obtain a useful expression of the minisuperspace action. On the
other hand, the use of the equivalent action (2.72) is indeed useful for computations of
perturbations.
– 26 –
In the tensor sector of linear perturbations, the irreducible components Tµ, Tµ are un-
perturbed. By using three tensor perturbation variables hTTij , t
TT
ij , τ
TT
ij , the metric and
(1)
T µνρ
are given by
ds2 = −N2(τ)dτ2 + a2(τ)γijdxidxj , γij = ehTTij , (5.1)
(1)
T ij0 = Nδ
iktTTjk ,
(1)
T ijk = a
3jklδ
lmτTTim , (5.2)
where all tensor perturbation variables are transverse and traceless, e.g.
δijhTTij = 0 , δ
ij∂ih
TT
jk = 0 . (5.3)
The variables hTTij and t
TT
ij are parity even while τ
TT
ij is parity odd. The auxiliary variables
are given by
λ = λ¯(τ) , ϕ = ϕ¯(τ) , Aµν = 0 ,
Ξ00 = −N2Ξ¯0(τ) , Ξij = 1
3
Ξ¯(τ)γij + a
2ΞTTij , (5.4)
for tensor perturbations, where ΞTTij is transverse-traceless. The background parts of the
auxiliary variables are determined by the background equation of motion as
λ¯− 1 = αR
3
(ρˆB − 3pˆB) , (5.5)
ϕ¯ = − αX
M2∗
[T ′0
N
+
(
3H +
2
3
T0
)
T0
]
, (5.6)
Ξ¯0 = −αC
3
(2ρˆB + 3pˆB) , (5.7)
Ξ¯ = 2αC ρˆB , (5.8)
where
ρˆB := − 1
M2∗
Γ
G00 =
3
M2∗
[(
H +
1
3
T0
)2
− 1
4
T 20
]
, (5.9)
pˆB :=
1
3M2∗
3∑
i=1
Γ
Gii =
1
M2∗
[
−2(3H
′ + T ′0)
3N
− 1
9
(3H + T0)(9H + T0) +
1
4
T 20
]
, (5.10)
are the 00 and spatial components of the background Einstein tensor, respectively.
In the momentum space, the tensor perturbations can be decomposed as
hTTij = hLY
L
ij + hRY
R
ij , t
TT
ij = tLY
L
ij + tRY
R
ij , Ξ
TT
ij = ΞLY
L
ij + ΞRY
R
ij , τ
TT
ij = τLY
L
ij − τRY Rij ,
(5.11)
where the helicity basis Y Aij , (A = L,R) satisfy
∂2Y Aij = −k2Y Aij , ∂iY Aij = 0 , Y Aii = 0 , (i|jk∂jY Akl) = AkY Ail , (5.12)
with L = −1, R = +1. The minus sign in front of τR has been inserted in order that the L
sector and the R sector obey the same equations if the background preserves parity.
By the use of the equivalent form (2.72), the variable tA is non-dynamical in the
quadratic Lagrangian of the tensor perturbations and thus can be integrated out. Then,
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we obtain the quadratic Lagrangian in terms of three variables hA,ΞA and τA. The deter-
minant of the kinetic matrix is proportional to (2c3 + c4)
2T 20 ; that is, in general there are
three modes in the tensor perturbations around the cosmological background. However, the
perturbation analysis around the Minkowski background showed that the spin-2− mode is a
ghost mode. Therefore, in order to avoid a ghost or a strong coupling in the Minkowski limit
we impose the degeneracy condition
2c3 + c4 = 0 , (5.13)
which means that the c3, c4 terms must be given by the following form
c3
αβρσ
(1)
Rµνρσ
(1)
T α
µνTβ − 2c3X Tµν
(1)
T µνρTρ = c3αβρσ
Γ
Cµνρσ
(1)
T α
µνTβ . (5.14)
After the field redefinition
ΞA = Ξ˜A − 2(c4 + c5)A T0
M2∗
τA , (5.15)
it becomes obvious that the variable τA is non-dynamical in the general cosmological back-
ground under the degeneracy condition (5.13). Removing τA by using its equation of motion
from the Lagrangian, we obtain the quadratic Lagrangian in terms of the two variables Ξ˜A
and hA,
ST =
∫
dτNa3
M2pl
4
∑
A
[
1
2
Y ′T
N
KY
′
N
+ Y TMY
′
N
− 1
2
Y TVY
]
, Y =
(
hA
Ξ˜A
)
, (5.16)
where K,M,V are 2× 2 matrices.
We first consider the high k limit. The asymptotic behaviour of the kinetic matrix is
K → A 2T0k
M2∗a
(
c3 0
0 0
)
+O(k0) , (5.17)
as k → ∞. If c3 6= 0 then one of the L or R modes is always a ghost in the high k limit,
similarly to the case in the presence of the gravitational Chern-Simons coupling [24]. We
thus impose c3 = c4 = 0 to prevent the ghost instability in the high k limit hereinafter.
Under the conditions c3 = c4 = 0, the kinetic matrix K has no k dependency whereas
M and V have the following k dependency:
M =M(0) + Ak
a
M(1) , (5.18)
V = V(0) + Ak
a
V(1) + k
2
a2
V(2) , (5.19)
where M(i),V(i) are independent of k. The components of the kinetic matrices are given by
K11 = 1− αT1 +K1 +
c25T 20
αCM2∗
+
K1
K2 ∆
2 − 2∆ , (5.20)
K12 = K21 = K1∆K2 − 1 , (5.21)
K22 = K1K2 , (5.22)
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where we have defined
K1 := λ¯− 1 + αT1 −
3Ξ¯0 + Ξ¯
6
−
[
1
2
(4c1 − c2) + c
2
5
αC
] T 20
M2∗
, (5.23)
K2 := K1
(
K1 + c
2
5T 20
αCM2∗
)
+ ϕ¯2 , (5.24)
and
∆ :=
1
6
(−3Ξ¯0 + Ξ¯) + c2 T
2
0
M2∗
= αC(ρˆB + pˆB) + c2
T 20
M2∗
. (5.25)
The determinant of K is
detK = (1− αT1)K1 − ϕ¯
2
K2 . (5.26)
Therefore, the ghost free condition, namely the positive definiteness of K, is reduced to
K1 > ϕ¯
2
1− αT1
, (5.27)
under the stability conditions of the Minkowski spacetime (2.57). We note that K1 is neces-
sary to be positive due the one of the stability condition (2.57), 0 < αT1 < 1, and then K2 is
also positive. The gradient terms are given by
V(2)11 = 1− αT1 +K1 +
c25T 20
αCM2∗
, (5.28)
V(2)12 = V(2)21 = −1 , (5.29)
V(2)22 =
1
K2
(
K1 + c
2
5T 20
αCM2∗
)
. (5.30)
The determinant of V(2),
detV(2) = K−12
{[
(1− αT1) +
c25T 20
αCM2∗
] [
K1 − ϕ¯
2
1− αT1
+
c25T 20
αCM2∗
]
+
ϕ¯2
1− αT1
c25T 20
αCM2∗
}
,
(5.31)
is positive under the stability condition (5.27) as well as (2.57). Hence, the conditions
(2.57) and (5.27) guarantee that the tensor perturbations has neither the ghost nor the
gradient instability around the cosmological background. The components of the matrices
M(0),M(1),V(0) and V(1) are
M(0)11 =M(0)12 =M(1)11 =M(1)12 = 0 , (5.32)
M(0)21 =
2
3
T0 +
∆
K2
[
K1
(
H − 1
3
T0
)
− αC − 2c5
2αC
ϕ¯T0
]
, (5.33)
M(0)22 =
1
K2
[
K1
(
H − 1
3
T0
)
− αC − 2c5
2αC
ϕ¯T0
]
, (5.34)
M(1)21 =
ϕ¯∆
K2 , (5.35)
M(1)22 =
ϕ¯
K2 , (5.36)
– 29 –
and
V(0)11 = V(0)12 = V(0)21 = V(1)11 = V(1)12 = V(1)21 = 0 , (5.37)
V(0)22 =
M2∗
αC
− 1K2
(
H − 1
3
T0
)[
K1
(
H − 1
3
T0
)
− αC − 2c5
αC
ϕ¯T0
]
+
(αC − 2c5)2T 20
4α2CK2
(
K1 + c
2
5T 20
αCM2∗
)
, (5.38)
V(1)22 = −2
ϕ¯
K2
(
H − 1
3
T0
)
− (αC − 2c5)T0
αCK2
(
K1 + c
2
5T 20
αCM2∗
)
, (5.39)
where we retain the diagonal parts ofM although they can be removed by taking integration
by parts and by redefining V. The dispersion relation in the high k limit is obtained by solving
det
[
ω2K + iωk
a
(M(1) −M(1)T )− k
2
a2
V(2)
]
∝
[
ω4 − (2 + δωk)ω2k
2
a2
+ (1 + δkk)
k4
a4
]
= 0 ,
(5.40)
in terms of ω. The coefficients are given by
δωk = δkk +
∆
(1− αT1)K1 − ϕ¯2
(
∆− 2c
2
5T 20
αCM2∗
)
, (5.41)
δkk =
c25T 20
αCM2∗ [(1− αT1)K1 − ϕ¯2]
[
(1− αT1) +K1 +
c25T 20
αCM2∗
]
. (5.42)
The sound speed of the tensor perturbations is
c2T = 1 +
1
2
(
δωk ±
√
δ2ωk + 4(δωk − δkk)
)
, (5.43)
which deviates from unity in general.
The variable hA, which represents the tensor perturbations of the metric, can be inter-
preted as the state to which matter fields directly couple. To derive the quadratic action of
the tensor perturbations (5.16), we have used the equations of motion for the tensor pertur-
bations of the torsion tA, τA. Although we have not considered any matter field in the present
paper, as far as the matter does not couple to
(1)
T µνρ, the equations of motion for tA and τA
are unchanged even when a matter is introduced. In this case, anisotropic stress components
of matter couple only with hA but does not with Ξ˜A. On the other hand, hA is not an
eigenstate of the dispersion relation due to the existence of the non-diagonal components of
matrices K,M,V. We define variables (hA, ξA) via the relation
hA = hA −K12ξA (5.44)
Ξ˜A = K11ξA , (5.45)
to diagonalize the kinetic matrix as well as the mass matrix V(0). The set (hA, ξA) becomes
the set of the mass eigenstates in the Minkowski limit T0, T0, ρˆB, pˆB → 0 or in the torsionless
de Sitter limit T0, T0,∆→ 0 with ρˆB = −pˆB = constant. However, the gradient term V(2) and
the friction termsM have non-diagonal components in the general cosmological background
and then two modes cannot be decoupled.
Therefore, the tensor perturbations in the generic case have qualitatively different fea-
tures from those in the single field limit discussed in Sec. 3. Gravitational waves are no longer
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freely propagating massless waves with the speed of light in general cosmological background.
Furthermore, the L and R modes obey different equations when the background universe has
a non-zero value of T0. The parity invariance is broken spontaneously. It must be intrigu-
ing to study observational effects of these features. However, we leave them for a future
study since we also have to study scalar (and vector) perturbations to discuss observational
constraints on the model which are beyond the scope of the present paper.
Before closing this section, we discuss the heavy mass limit of the spin-2+ particle. Let
us consider the limit αC → 0 in order to have the infinite mass limit of the spin-2+ particle
where the degree of freedom of 2+ may be integrated out. To satisfy the ghost-free condition
(5.27), the coupling constant c5 has to vanish as well under the limit αC → 0. Hence, we
take the limit αC , c5 → 0 with c25/αC < ∞ where the divergence of V(2)11 and M(0)21 can be
compensated by taking the normalization Ξ˜A → α1/2C Ξ˜A. After integrating out Ξ˜A under the
limit, we obtain the quadratic Lagrangian for the massless tensor mode,
ST |αC→0 =
∫
dτNa3
M2pl
8
FT
c2T
[(
h′A
N
)2
− c
2
Tk
2
a2
h2A
]
, (5.46)
where
FT = λ¯+ (c2 − 4c1) T
2
0
2M2∗
, (5.47)
c2T =
[
1− c2T
2
0
FTM2∗
(
2 +
c2T 20
M2∗
1− αT1 −FT
(1− αT1 −FT )2 + ϕ¯2
)]−1
. (5.48)
From this expression one can straightforwardly compute the tensor power spectrum and the
spectral tilt, following e.g. [25]. The parity invariance is recovered in the infinitely heavy
mass limit of the spin-2+ particle while the speed of gravitational waves is still different from
the speed of light due to the coupling c2
Γ
RTµνT µT ν . The result of the single field limit is
obtained when we furthermore consider the background with T0 → 0. This implies that the
evolution of tensor perturbations during and after inflation is generally the same as that of
the single field limit when αC → 0 and m2eff,θ > 0 since T0 can go to zero before Ne = 50.
6 Summary
The idea that gravity is interpreted as a gauge force predicts the existence of additional
massive particle species carrying the gravitational interactions which can be seen in high
energy phenomena. The present paper has studied the inflationary background dynamics
of the universe and the linear tensor perturbations in a ghost-free quadratic gravity with a
dynamical torsion. The underlying spacetime geometry is the Riemann-Cartan geometry (or
the Weyl-Cartan geometry as a result of the invariance under a projective transformation),
where the torsion as well as the curvature play central roles.
We first formulate the Lagrangian so that the action asymptotically has the local Weyl
invariance in the UV limit. In particular, we have focused on a theory which consists of the
massive spin-2+, 1+, 0+, 0− particle species in addition to the massless graviton, where the
number and ± represents the spin and the parity, respectively. This model reproduces the
Starobinsky model under the limit where the 2+, 1+, 0− particles become infinitely heavy
with the mass of 0+ kept finite. The spectral index and the tensor-to-scalar ratio are shown
in Fig. 2 under the single field limit. This result should be viewed as a reference value since
in general the 2+, 1+, 0− must have finite masses and then contribute the observables, more
or less. We then study the model in the generic parameter space. As for the background
dynamics in which only 0+ and 0− are dynamical, we find an useful field transformation
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(4.16)-(4.19) by which we obtain the quasi-Einstein frame for the minisuperspace action. In
the quasi-Einstein frame the model is characterized by a two-dimensional hyperbolic field
space and a field potential which is a combination of those of a Starobinsky-like inflation and
a natural inflation. The qualitative behaviour of the inflationary dynamics is determined
by the sign of the effective mass squared of the 0− in the high energy limit denoted by
m2θ,eff . The overall behavior of the background dynamics is shown in Figs. 3 and 4. When
m2θ,eff > 0, the background value of 0
− decays and then the Starobinsky-like inflationary
universe is obtained even if the 0+ is not at the top of the potential initially. This would
be a remarkable feature because we do not need a fine-tuning of the initial condition for the
inflaton. On the other hand, in the case of m2θ,eff . 0, the 0− has a non-zero background value
and other inflationary scenarios can be obtained. From the tensor perturbation analysis, we
have learned that the gravitational wave is no longer a freely propagating massless wave
around the generic cosmological background and that the parity invariance is spontaneously
broken due the background value of the 0−.
Hence, it should be interesting to perform detailed studies on observables, combining
the results of the present paper with analysis on scalar (and vector) perturbations, at linear
order and non-linear orders. In particular, if the future observations detect the primordial
gravitational waves at the level of r ∼ 10−3 consistently with the R2 models of inflation,
studies on generic quadratic gravity with the dynamical torsion (and the non-metricity) will
be obviously important. Inflation can then be used to reveal the underlying nature of gravity.
We leave further analysis on inflation for future studies.
In the present paper, we have assumed either that the local Weyl invariance is restored
in the UV or that it is an approximate symmetry in the intermediate scales M∗ . E  Λ.
As argued in section 2, this assumption may be justified if the renormalization group (RG)
flow of the underlining theory admits a UV fixed point with the local Weyl invariance or a
saddle point with the local Weyl invariance. It is certainly important to investigate the RG
flow of concrete theories to see if this is the case.
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A Einstein frame in weakly curved spacetime
In this section, we show that the Lagrangian (2.49) with (2.54), (2.55), (2.73) and (2.74)
indeed has non-ghost massive spin-2+, 1+, 0+, 0− particle species when the curvature and the
torsion are small, namely
|
Γ
Rµνρσ| M2∗ , |Tµνρ| M∗ . (A.1)
For simplicity, we assume that matter fields directly couple with the metric only.
By the use of auxiliary variables λ, ϕ,Ξµν , Aµν , where Ξµν = Ξ(µν) and Aµν = A[µν]
are symmetric and antisymmetric tensors, respectively, we obtain the equivalent Lagrangian
(2.72) with a matter action, Sm =
∫
d4x
√−gLm. The original Lagrangian is obtained when
– 32 –
integrating out all auxiliary variables λ, ϕ,Ξµν , Aµν which are solved as
λ− 1 = αR
3M2∗
Γ
R , (A.2)
ϕ =
αX
3M2∗
X , (A.3)
Ξµν =
2αC
M2∗
(
Γ
R(µν) −
1
6
gµν
Γ
R
)
, (A.4)
Aµν =
6αY
M2∗
Yµν , (A.5)
respectively.
The assumption (A.1) concludes
|δλ| , |Ξµν | , |ϕ| , |Aµν |  1 , (A.6)
where δλ := λ− 1. We take the transformation
Ξµν = ξµν +
4αC(1− α)
3M2∗α
∇(µTν) +
2αC
M2∗
αT1 − α
αT1
∇µ∇νλ , (A.7)
and then take the variation with respect to the torsion. The equation of motion of the torsion
leads to
Tµνρ =
1
αT2
gµ[ν∇ρδλ+
1
αT3
µνρσ∇σϕ+ 1
αT1
∇[νξρ]µ
− 1
3
[(
1
αT1
− 1
αT2
)
∇µAνρ −
(
1
αT1
+
2
αT3
)
∇[νAρ]µ
]
+
1
3
(
1
αT1
− 1
ααT2
)(
gµ[ν∇σξρ]σ − gµ[ν∇ρξσσ + gµ[ν∇σAρ]σ
)
+ · · · , (A.8)
where · · · represents terms which can be ignored under the assumption (A.1). We can thus
integrate out the torsion as far as (A.1) is satisfied. After substituting (A.8) into (2.72), we
obtain
Leq =
M2pl
2
[
(1 + δλ)R(g) + ξµνGµν +
1
2αT1
L(2)EH(ξ)−
M2∗
4αC
(ξµνξ
µν − ξµµξνν)
+
3α2
2αT1
∇µδλ∇µδλ− 3M
2∗
2αR
δλ2 +∇µδλ(∇νξµν −∇µξνν)
− 1
36
(
1
αT1
− 1
αT3
)
FµνρF
µνρ − M
2∗
12αY
AµνA
µν − 3
2αT3
∇µϕ∇µϕ− 3M
2∗
2αX
ϕ2 + · · ·
]
+ Lm(g, ψ) , (A.9)
where
L(2)EH(ξ) = −
1
2
∇ρξµν∇ρξµν +∇ρξµν∇νξµρ −∇µξρρ∇νξµν + 1
2
∇µξνν∇µξρρ , (A.10)
Fµνρ = 3∂[µAνρ] , (A.11)
and we have used αT2 = αT1/α
2. We can then move to the Einstein frame gEµν via
gµν = λ
−1gEµν + ξµν . (A.12)
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The action in the Einstein frame is given by
S =
∫
d4x
√
−gEM
2
pl
2
[
R(gE) +
1
2
(
1
αT1
− 1
)
L(2)EH(ξ)−
M2∗
4αC
(ξµνξ
µν − ξµµξνν)
− 3
2
(
1− α
2
αT1
)
(∇δλ)2 − 3M
2∗
2αR
δλ2
− 1
36
(
1
αT1
− 1
αT3
)
FµνρF
µνρ − M
2∗
12αY
AµνA
µν
− 3
2αT3
(∇ϕ)2 − 3M
2∗
2αX
ϕ2 + · · ·
]
+Sm . (A.13)
In this expression, the covariant derivatives and the contractions of the indices are computed
by the original metric gµν ; however, these quantities can be replaced with those computed by
the Einstein frame metric gEµν without any change of the expression under the approximation
(A.1) at the leading order. In the Einstein frame, the non-ghost massive spin-2+, 1+, 0+, 0−
particles are represented by the fields ξµν , Aµν , δλ, ϕ, respectively.
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